The concept of isochrons is crucial for the analysis of asymptotically periodic systems. Roughly, isochrons are sets of points that partition the basin of attraction of a limit cycle according to the asymptotic behavior of the trajectories. The computation of global isochrons (in the whole basin of attraction) is however difficult, and the existing methods are inefficient in high-dimensional spaces. In this context, we present a novel (forward integration) algorithm for computing the global isochrons of high-dimensional dynamics, which is based on the notion of Fourier time averages evaluated along the trajectories. Such Fourier averages in fact produce eigenfunctions of the Koopman semigroup associated with the system, and isochrons are obtained as level sets of those eigenfunctions. The method is supported by theoretical results and validated by several examples of increasing complexity, including the 4-dimensional Hodgkin-Huxley model. In addition, the framework is naturally extended to the study of quasiperiodic systems and motivates the definition of generalized isochrons of the torus. This situation is illustrated in the case of two coupled Van der Pol oscillators. An efficient way to study asymptotically periodic systems is to consider phase differences between the trajectories, a framework that leads to a powerful dimensional reduction of the system to a one-dimensional model. However, the price to pay for such a reduction is the computation of particular sets of the state space, i.e., the so-called isochrons. The computation of isochrons is particularly intricate in high-dimensional spaces-where the isochrons can exhibit a complex geometry-and the existing methods are typically limited to 2-dimensional systems. In contrast, this paper proposes a novel algorithm that is well-suited to the computation of isochrons in high-dimensional spaces. More precisely, we show that the isochrons can be obtained through the computation of Fourier averages evaluated along the trajectories. As a consequence, we obtain a relationship between isochrons and level sets of a class of eigenfunctions of the Koopman semigroup associated with the system. We apply the method to various examples and also extend the framework to quasiperiodic systems.
I. INTRODUCTION
According to the seminal works, 8, 23 a dynamical system with a stable limit cycle can be reduced to a phase model. In other words, a limit-cycle oscillator (evolving in a highdimensional space) is equivalent to a phase oscillator (evolving on the one-dimensional circle), a reduced model that is more amenable to mathematical analysis (see Ref. 5 for a review). Phase reduction thereby appears as a useful framework to analyze the sensitivity and the robustness of limit cycles, 20 to compare and design models of oscillators, 14 and to study the collective behaviors of interacting oscillators (see, e.g., the Kuramoto model 17 ). A phase model is obtained by assigning a phase variable to each point in the basin of attraction of the limit cycle. First, the phase is defined on the limit cycle (up to a given reference) as the quantity proportional to the time spent on the cycle. Then, the notion of phase is extended to the whole basin of attraction through the isochrons (the term was originally coined in Ref. 24 ), a concept that corresponds to the invariant fibration of the stable manifold of the limit cycle. In other words, the isochrons partition the basin of attraction in such a way that trajectories starting from the same isochron asymptotically converge to the same orbit on the limit cycle.
The computation of isochrons is desirable not only to obtain a phase reduction of the system but also to provide a global picture of the system dynamics as well as an insight into the sensitivity to external perturbations. Local isochrons-in the vicinity of the limit cycle-are obtained using either linearization techniques (and higher order approximations 18, 19 ) or standard backward integration methods (see Ref. 6 for a detailed example of the algorithm). In contrast, the computation of global isochrons-in the entire basin of attraction-is much more involved and has only been investigated in a few studies, most of which propose numerical schemes based on the extension of local isochrons through backward integration. 2, 16 In addition, the computation of global isochrons is particularly difficult for dynamics with multiple time scales (slow-fast dynamics) and for high-dimensional dynamics, two situations where backward integration is inefficient owing to numerical sensitivity issues. While an elegant method is provided in Ref. 12 of systems with multiple time scales, there is so far no efficient method in the case of high-dimensional dynamics.
In this paper, we present a novel method for computing the global isochrons of high-dimensional dynamics. The method is a forward integration method that relies on the time-averaging of observables along the trajectories of the system. Originally, the use of time averages was devoted to the visualization of invariant ergodic partitions. 11 However, the levels sets of "generalized" time averages-the Fourier averages-identify subsets of the state space that are mapped to themselves with a given frequency, 9, 10 subsets that correspond to isochrons in the case of asymptotically periodic systems. When combined with suitable interpolation techniques, the computation of time averages is a well-developed framework which is not restricted to low-dimensional systems, thereby yielding a convenient and flexible method to obtain global isochrons in high-dimensional spaces.
The proposed method is derived from a general theoretical background-the isochrons being related to the eigenfunctions of the Koopman semigroup associated with the system (Ref. 13 )-so that it can be applied to systems that are not periodic. For a (normally hyperbolic) attractor that is not a limit cycle, an invariant fibration of the stable manifold always exists, 3, 22 but the existence of a phase parametrization (of the attractor and its basin of attraction) is not guaranteed. In the particular case of quasiperiodic systems, phase coordinates are introduced in the whole basin of attraction through the generalized isochrons, a new concept that appears as a natural extension of the framework developed in the present paper. The intersections of these generalized isochrons correspond to the invariant fibration of the stable manifold.
The paper is organized as follows. In Sec. II, we present the theoretical results that support our method based on the computation of Fourier averages. Both relevance and validity of the method are emphasized in Sec. III, where the isochrons are computed for several models of increasing complexity, including the (high-dimensional) HodgkinHuxley model. In Sec. IV, we consider the case of quasiperiodic dynamics and show that the method can be used to compute the generalized isochrons of the 2-dimensional torus. Finally, the paper closes with some concluding remarks in Sec. V.
II. ISOCHRONS AND FOURIER AVERAGES

A. Preliminaries
We consider a dynamical system
which admits a (exponentially) stable limit cycle C of period T 0 , with a basin of attraction BðCÞ R n . In addition, we let / : R þ Â R n 7 !R n denote the flow induced by Eq. (1), i.e., /ðx 0 ; tÞ is the solution of Eq. (1) with the initial condition x 0 .
According to Ref. 8, a phase h 2 S 1 ð0; 2pÞ can be assigned to each point of the limit cycle. Namely, a point x c 2 C has a phase h ¼ 2p t=T 0 , where t < T 0 is such that
C is an arbitrarily chosen point of the limit cycle that corresponds to phase h ¼ 0). It follows from this definition that an orbit on the limit cycle in R n obeys the phase dynamics _ h ¼ x 0 on S 1 , with x 0 ¼ 2p=T 0 . Next, the above framework is extended to the whole basin of attraction through the introduction of isochrons. An isochron is defined as follows: Definition 1. An isochron-associated with the phase h 2 S 1 -of the limit cycle C is the (n À 1)-dimensional manifold I h defined as
Roughly speaking, a trajectory with the initial condition x 2 I h asymptotically approaches a (periodic) trajectory on the limit cycle characterized by an initial condition associated with the phase h. Since the two trajectories have the same asymptotic behavior, whether the initial condition is on the limit cycle or not, the phase h can also be assigned to the initial condition x 6 2 C.
It also follows from Definition 1 that the isochrons correspond to subsets of BðCÞ that are invariant under the time-T 0 map /ðT 0 ; ÁÞ.
B. Fourier averages
In this section, we show the strong connection between the isochrons of the limit cycle and the Fourier averages evaluated along the trajectories. The Fourier averages of an observable f : R n 7 !R (assumed to be continuously differentiable) are given by ðxÞ (Refs. 9, 10, and 13) (note that the modulus of the eigenfunctions is constant, thus restricting the values to a circle in the complex plane). Then, each level set of a Fourier average is invariant under the time-T 0 map /ðT 0 ; ÁÞ, a property that is also satisfied by the isochrons. The exact relation between the Fourier averages and the isochrons is summarized in the following proposition. Proposition 1. Consider an observable f 2 C 1 such that the first Fourier coefficient of the T 0 -periodic function
Then, a unique level set of the Fourier average f
corresponds to a unique isochron. That is, f
ðx 0 Þ (where / denotes the argument of a complex number).
Proof. Given the definition of the isochron and the continuity of f, we have
for x 2 I h . Then, it follows from Eqs. (2) and (3) that f
where the last equality holds since the integrand is bounded. Then, one has
or equivalently
and f 
C. A new method for computing isochrons
Given the results of the previous section, we propose a new algorithm for computing the global isochrons of limit cycles, which relies on the evaluation of the Fourier averages. First, the Fourier averages (Eq. (2)) are (approximately) computed over a finite time horizon for a set of sample points in the state space. Then, the levels sets of the (finite time) Fourier averages are obtained through interpolation techniques and correspond to the isochrons.
We notice that (1) the method is particularly well-suited to the computation of isochrons in high-dimensional spaces and (2) the approximate Fourier averages are characterized by a good rate of convergence.
High-dimensional spaces
Standard methods cannot efficiently compute (global) isochrons in high-dimensional spaces. For instance, the use of standard backward integration methods is prohibited by numerical instability and sensitivity issues. In contrast, the computation of the Fourier averages only requires a forward integration and is therefore not limited by numerical issues, even for high dimensions. Moreover, the computation in high dimensional spaces is compatible with the use of Monte Carlo techniques (randomly distributed points) or adaptive grids. In particular, the points can be distributed only in selected regions (or subspaces) of interest or with a higher probability in regions characterized by more complex dynamics (see, e.g., the Hodgkin-Huxley model in Sec. III C).
Rate of convergence of the Fourier averages
The computation of the Fourier averages (Eq. (2)) is not numerically expensive. Provided that the limit cycle is exponentially stable, approximate Fourier averages obtained over finite time horizons T < 1 are characterized by a good rate of convergence. The approximation error is given by f
Next, we introduce the values n 2 N and T 0 2 ½0; T 0 Þ so that T ¼ nT 0 þ T 0 . Then, it follows from Eq. (4) that the first term in the right hand of Eq. (5) yields f
jf ðx c Þj :
Since the limit cycle is exponentially stable, one has
and the mean value theorem implies
Then, the second term in the right hand of Eq. (5) becomes
Finally, the estimation error for the Fourier average is bounded by f
Since the Fourier averages converge with the rate T À1 , the isochrons are obtained over reasonably short time horizons.
III. APPLICATIONS
In this section, we present several examples of increasing complexity, which show that the new method is efficient to compute the isochrons of limit cycles. For each example, the results are compared with other methods or known results.
A. A trivial example
We first consider a model for which the (trivial) analytical expression of the isochrons is known. Namely, we consider the first order system with periodic forcing
which can be rewritten as a nonlinear autonomous system
with ðx; hÞ 2 R Â S 1 and hð0Þ ¼ h 0 . It is well-known that, for any initial condition, the solution of Eq. (6) asymptotically converges to xðtÞ ¼ Asinðxt þ h 0 þ uÞ, where A and u depend only on the frequency x. Since the solution of Eq. (7) satisfies hðtÞ ¼ xt þ h 0 , the system has a globally attractive limit cycle x ¼ Asinðh þ uÞ, with a frequency x 0 ¼ x. In addition, the isochrons are simply given by I h 0 ¼ fðx; hÞjh ¼ h 0 g, so that they do not depend on x. Figure 1 shows that the Fourier averages computed for the system Eq. (7) are independent of the variable x. The level sets of the Fourier averages therefore correspond to the isochrons of the limit cycle. It is noticeable that the chosen observable f ðx; hÞ ¼ x, which depends only on x, is sufficient to compute the isochrons, which are themselves independent of x. This is due to the fact that the dynamics of x is affected by the dynamics of h.
B. The Van der Pol model
Now, we consider the classical Van der Pol oscillator model
with the parameter l ¼ 0:3 (the frequency is x 0 % 0:995). In Figure 2 , the isochrons are computed with a standard backward integration technique and with the Fourier averages.
The results are in good agreement and emphasize the validity of the new method. The 4-dimensional Hodgkin-Huxley model, 4 which is probably the most popular model in neuroscience, can admit a limit cycle (see the appendix for the equations and parameters). However, since this limit cycle is characterized by a non-planar slow-fast dynamics, it is difficult to compute the global isochrons through standard methods. In contrast, the Fourier averages of an observable are easily obtained, in spite of the slow-fast multidimensional dynamics, and provide a straightforward framework to compute the isochrons of the Hodgkin-Huxley model. Figure 3 shows the intersections of the isochrons with the 3-dimensional subspace h þ n ¼ 0:8 (the limit cycle lies-in good approximation-in the subspace h þ n ¼ 0:8). It is noticeable that the accuracy has been increased-with a higher distribution probability of the sample points-in regions of high concentration of isochrons.
The results are consistent with the isochrons of the 2-dimensional reduction of the Hodgkin-Huxley model. 7 In particular, the isochrons are independent of the variables V and m, when far from the limit cycle, an observation explained by the two time scales of the system (the variables V and m are fast with respect to n and h). In addition, the validity of the results is also emphasized by Fig. 4 , which shows that two trajectories with an initial condition on the same isochron eventually converge toward the same orbit on the limit cycle.
IV. GENERALIZED ISOCHRONS OF THE TWO-DIMENSIONAL TORUS
In contrast to periodic motions on a limit cycle, quasiperiodic oscillations on a torus involve two (or more) basic frequencies. Computing the Fourier averages for several frequencies therefore appears as a natural extension of the above framework to quasiperiodic oscillations and motivates the introduction of generalized isochrons that lead to a phase parametrization of the basin of attraction. Provided that the generalized isochrons exist (i.e., that phase coordinates are well-defined), their intersections correspond to the fibers of the stable manifold of the torus.
A. Generalized isochrons
Let us consider a dynamical system
which admits a stable quasiperiodic attractor C, with a basin of attraction BðCÞ R n . In addition, we let / : R þ Â R n 7 !R n denote the flow induced by Eq. (8). For the sake of simplicity, we assume that the attractor C is a two-dimensional torus: the quasiperiodic oscillations of a trajectory on C depend on the two incommensurable frequencies x 1 and x 2 (i.e., the rotation number x 1 =x 2 is irrational). Typically, such a dynamical system can be obtained with two interacting systems of independent natural frequencies (e.g., two coupled Van der Pol oscillators, see Sec. IV C). It is noticeable that there is no loss of generality with the above assumption, since the developments presented in the sequel are easily extended to quasiperiodic motions involving more than two frequencies.
For a periodic system (of period T 0 ), the subsets of the attractor that are invariant under the time-T 0 map /ðT 0 ; ÁÞ correspond to single points. In contrast, for a quasiperiodic system, the subsets of the attractor that are invariant under the maps /ðT 1 ; ÁÞ and /ðT 2 ; ÁÞ (with T 1 ¼ 2p=x 1 and T 2 ¼ 2p=x 2 ) are not single points. These sets are defined as follows: Definition 2. For j ¼ f1; 2g, the set c h j associated with the phase h j 2 S 1 is defined by
where " " represents the closure of the set and where x c 0 2 C is an arbitrarily chosen point of the attractor which corresponds to the phases ðh 1 ; h 2 Þ ¼ ð0; 0Þ.
When the above definition leads to continuous curves, the curves c h 1 and c h 2 parametrize the (two-dimensional) torus C with phase coordinates: a point of C corresponds to the intersection c h 1 \ c h 2 and is thereby associated with the 
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on the standard torus
The sets c h j of Definition 2 may fail to be continuous curves and a phase parametrization of the torus may not exist. More precisely, the existence of factor maps that map C to the standard torus T 2 is not always guaranteed (this corresponds to the existence of a solution for the socalled invariant equation 15 ). However, results from KAM theory ensure the existence of phase coordinates provided that the rotation number x 1 =x 2 is Diophantine (see, e.g., Sec. III in Ref. 1) . In this case, the flow on C is diffeomorphic to the parallel flow Eq. (9) on T 2 , and it is clear that a trajectory of the map /ðT j ; ÁÞ densely fills a (closed) curve c j on C. In the sequel, we therefore restrict the discussion to this situation, which is generic since the set of Diophantine numbers is of measure one (the results are similar in higher dimensions: Definition 2 is still valid provided that the rotation vector ðx 1 ; …; x n Þ satisfies the so-called Diophantine condition 1 ). Next, we define two families of (n À 1)-dimensional generalized isochrons that extend the phase characterization to the whole basin of attraction BðCÞ. Definition 3. For j ¼ f1; 2g, the generalized isochron I h j -associated with the phase h j 2 ½0; 2pÞ-of the attractor C is the (n À 1)-dimensional manifold defined as
c 2 c h j s:t: lim
Remark 4. When phase coordinates are well-defined on the torus (see Remark 3), the existence of the generalized isochrons as (n À 1)-dimensional manifolds is ensured provided that the attractor is a normally hyperbolic manifold. Indeed, a curve c h j is a normally hyperbolic invariant manifold for the time-T j map /ðT j ; ÁÞ and it follows from Definition 3 that the generalized isochron I h j is the invariant stable set of c h j . Then, invariant manifold theory implies that the generalized isochron is a manifold. 3, 22 The generalized isochrons characterize the asymptotic behavior of the quasiperiodic trajectories. Two trajectories with an initial condition on the same isochron I h j eventually converge to the same curve c h j þx j t on C. Furthermore, two trajectories with an initial condition on the same intersection of the two isochrons I h 1 and I h 2 eventually converge to the same intersection of c h 1 þx 1 t and c h 2 þx 2 t on C, that is, to the same trajectory. This motivates the following definition.
Definition 4. The (n À 2)-dimensional manifold I ðh 1 ;h 2 Þ associated with the phases ðh 1 ; h 2 Þ is defined by
The intersections I ðh 1 ;h 2 Þ are conceptually related to the isochrons I h of a limit cycle: both are fibers of the stable manifold of the attractor (limit cycle or torus). Since they are associated with a unique point of the attractor, they play a key role in studies of synchronization of trajectories.
Remark 5. It is important to note that the definition of isochrons (Definition 3 and Definition 4) comes along with the introduction of phase coordinates on the attractor. While invariant manifold theory implies that stable manifolds of hyperbolic invariant manifolds can always be invariantly fibered, 3, 22 the existence of phase coordinates (and thus the existence of isochrons of Definition 3 and Definition 4) is not always guaranteed (see Remark 3).
B. Fourier averages
As in the periodic case, the Fourier averages (Eq. (2)) provide a simple and straightforward framework to obtain the generalized isochrons of the (two-dimensional) torus. Namely, the level sets of the Fourier averages f
are invariant under the time-T 1 map /ðT 1 ; ÁÞ and the time-T 2 map /ðT 2 ; ÁÞ, respectively. They therefore correspond to the generalized isochrons of Definition 3. Proposition 2. Let j ¼ f1; 2g and consider an observable f 2 C 1 such that 
Given Definition 2 and Definition 3, if x belongs to the generalized isochron I h j , then for all > 0, there exits k 2 Z such that
Then, it follows from Eqs. (2) and (10) 
where the last inequality holds since the integrand is bounded. Since the constant (which depends on k) can be arbitrarily small, the left hand side of Eq. (11) (which does not depend on k) is equal to zero. Then, one has h Proposition 2 implies that the method described in Sec. II C can be used to compute not only the isochrons of the limit cycle but also the generalized isochrons of the torus. For the computation of generalized isochrons, the method is particularly well-suited given the high dimension of the system (n ! 3). It contrasts with standard backward integration techniques that are difficult to use since the trajectories starting from a generalized isochron converge to a onedimensional set of the attractor (and not to a single point). In addition, the computation of the Fourier averages is characterized by a rate of convergence that is as good as in the periodic case (Sec. II C).
C. Example: Two coupled Van der Pol oscillators
We use the method of the Fourier averages to compute the generalized isochrons of two coupled Van der Pol oscillators
With the parameters l ¼ 0:3, k x ¼ 1, k y ¼ 3, and k c ¼ 0:5, the two coupled oscillators are in quasiperiodic regime (the basic frequencies of the quasiperiodic oscillations are x 1 % 1:1741 and x 2 % 1:8944). We adopt these parameters in the sequel.
The frequency x 1 (resp. x 2 ) is associated with the first oscillator (resp. the second oscillator). It follows that the generalized isochrons, say I h 1 , depend strongly on the variables x 1 and x 2 , while their dependence on the two other variables is only induced by the coupling. In particular, with no coupling, the generalized isochrons I h 1 are independent of y 1 and y 2 . -of the observable f ðx 1 ; x 2 ; y 1 ; y 2 Þ ¼ x 1 þ y 1 -are computed on the attractor C of Eq. (12) (Fig. 5) . Their level sets correspond to the curves c h 1 and c h 2 , respectively.
Generalized isochrons I h 1
The level sets of the Fourier averages f Figures 6 and 7 show the (2-dimensional) surfaces which correspond to the intersections of the (3-dimensional) generalized isochrons I h 1 with the 3-dimensional subspace y 2 ¼ 0. Figure 8 shows the intersections of the same generalized isochrons, but with the 3-dimensional subspace x 2 ¼ 0. (the intersections of the 2-dimensional surfaces with the attractor do not correspond to the curves c h 1 , since the attractor is projected in the subspace).
It is remarkable that the generalized isochrons I h 1 are (almost) independent of y 2 (see Fig. 8 ). This observation can be explained by the fact that the dynamics Eq. (12) of the first oscillator depend on the variables x 1 , x 2 , and y 1 (through the coupling), but do not (directly) depend on y 2 .
Intersections of generalized isochrons I ðh
We can finally compute the intersection I ðh 1 ;h 2 Þ of the generalized isochrons I h 1 and I h 2 . Figure 9 displays two generalized isochrons I h 1 and two generalized isochrons I h 2 . Their intersections correspond to four (connected) curves which represent the intersection of I ðh 1 ;h 2 Þ with the subspace x 2 ¼ 0. One verifies that two trajectories with an initial condition on the same intersection I ðh 1 ;h 2 Þ eventually converge to the same orbit on the torus (see Fig. 10 ).
V. CONCLUSION
In this paper, we proposed a novel method for computing the global isochrons of high-dimensional systems: the isochrons are computed as the level sets of (Fourier) time averages evaluated along the trajectories. The method is supported by theoretical results and is related to spectral properties of the Koopman semigroup associated with the underlying ordinary differential equations. In addition, the evaluation of the Fourier averages is characterized by a good rate of convergence. More importantly, while the usual (backward integration) methods are restricted to computations in two-dimensional spaces, our new (forward integration) method is a convenient and flexible method to obtain global isochrons in high-dimensional spaces.
Since the method relies on a general background, it is not restricted to asymptotically periodic systems. In the case of quasiperiodic systems, the computation of the Fourier averages for several basic frequencies appears as a natural extension of the method and leads to the definition of generalized isochrons of the torus. This framework extends the notion of phase sensitivity to quasiperiodic dynamics, potentially opening new research perspectives such as the study of populations of interacting quasiperiodic systems.
Existence (and persistence under small perturbations) of generalized isochrons could be shown by the contraction mapping principle. An interesting technical difficulty is that the KAM-type results would need to be used to prove the Diophantine nature of the perturbed torus flow, and this is typically possible only for a Cantor set of parametrized perturbations in the current case. However, it would be an interesting coupling of KAM theory and normally hyperbolic invariant manifold theory. 
033112-8
A. Mauroy and I. Mezic Chaos 22, 033112 (2012) 
